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Abstract. The classical Hormander's inequality for linear par- 
tial differential operators with constant coefffcients is extended to 
pseudodifferential operators. 



1. Introduction 

The classical Hormander's inequality proved in |Hj for linear partial 
differential operators with constant complex coefficients P{D) and a 
bounded domain Vt of M" claims that 

II (a°p) {D) m||o < c IIP (D) m||o , vm g in) 

where a G N" and c > is independent of u. 

In the proof, we obviously see that in fact the following result hold 

V5 > 0, 3p > 0, \/u G in) , diamin) < p, 

\WP) {D)u\\,<5\\P{D)u\\, 

The aim of this paper is to give an extension of this Hormander's 
inequality to classical pseudodifferential operators with constant coef- 
ficients. The proposed pseudodifferential Hormander's inequality in- 
cludes the given cases in jH| and [T]. The formulation of our result is 
the following theorem. 

Theorem 1. Let P (D) be a pseudodifferential operator of the class 
S"", and let s eR,6 >1 and a e N", then 

yS > 0, 3p > 0, 3c > 0, V?i G (n) , diam{n) < p, 
WicTP) {D)ul<6\\PiD)ul + c\\ul^^^_, 
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2. Preliminaries 

The set Q denotes an open domain of M" and N the set of natural 
numbers {1,2,...}. The notations and classical definitions from the 
theory of distributions and pseudodifferential operators are given in |1] 
and [7j; in particular, C^{fl) is the space of infinitely differentiable 
functions with compact support and H^,s G M, is the Sobolev space 
on with scalar product and norm denoted, respectively, {■,-)s 

II lis ■ 

We will use the following classical inequalities, s,t G M, 

\iu,v)^\<\\ul_Jvl^, ,\/ueH^~KyveH^+' , 

and 

Lemma 1. Let ip G C^{Q) and s G M , then there exists a constant 
c > such that 

WifuW < max \\u\\ + c \\u\\ , \/u G , 

where a < s — 1. 

Proof. See lemma 2 of [HI □ 

The class of symbols of pseudodifferential operators with constant 
coefficients is defined as follows. 

Definition 1. The class S"^ is the space of infinitely differentiable 
functions P{^) defined on and satisfying Va G Z" , there exists 
c > such that 

|(<9"P)(e)| <c(l + |e|)"^-'°' , V^gM" 

A pseudodifferential operator P (D) of order m with constant coef- 
ficients is an operator acting on functions u G by the formula 

P{D)u= [ e''<P{0u{0d^ 

where P{^) G S"^ is called the symbol of P {D) , and u denotes the 
Fourier transform of u . 

The pseudodifferential operators ((9"F) (D) , a G N", and P (D) are 
the pseudodifferential operators with respective symbols {&^P) (^) and 
P{C)- It is easy to see that the i/ '^-adjoint operator of P (D) is the 
operator P (D) , and we have 

II Ms II IIS' 

Remark 1. Our a priori estimates are local and in view of a classical 
result of the theory of pseudodifferential operators, all the operators 
considered in this work are properly supported. 
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By Q:^ we denote the open ball of center the origin and radius £ > 0. 
Let ip{x) e C^(R") such that ip{x) ^ 1 for \x\ < 1,0 < (p{x) < 1 
and (x) = for \x\ > 2. Define fe{x) = and let P {D) be a 

pseudodiffcrcntial operator of the class S*™" . The operator [P (D) , ip^] 
denotes the commutator of the pseudo differential operator P (D) and 
the operator of multiplication by the function (p^ (x) . 

Lemma 2. If < p < e, then the operator [P (D) , ip^] is of infinite 
order in C^{flp), i.e. for every reals s and s', there exists c > such 
that 

\\[p{D),cpMs<c\H\s' ,yuec^{n,) 

Proof. It is deduced from the fact that the symbol of the pseudodiffer- 
ential operator [P (D) , ip^] is identically equals zero on a neighbourhood 

of the open set Qp □ 

Remcirk 2. We will apply the following algebraic inequality, 

2ab < ea^ + -6^ , Ve > 0, Va > 0, V6 > 

e 

3. The inequality 

The principal result of the paper is the following theorem which is 
an extension of Hormander's inequality. 

Theorem 2. Let P [D) be a pseudodifferential operator of the class 

S"", and let seR,9>l and a e N", then 

y5 > 0, 3p > 0, 3c > 0, V-u e (O) , diam{9) < p, 



(3.1) \\{d-P) (D) ul < 5 IIP (D) ul + c \\ul^^_, 

Proof. Without lost of generality let be the open ball of center the 
origin and radius e > 0. Let (p (x) G {M."-) , p> (x) = 1 for \x\ < 
1) < (/9 (x) < 1 and (x) = for |x| > 2. Define Lp^ (x) = ^p{ f), then 
ip (x) = 1 for jxj < s and (p^ (x) = for \x\ > 2£, so if < p < e, we 
will have 

u — ipeU , Vm e (Qp) 

Let dj denotes the derivation of order k with respect to the variable ^j. 
It is well-known from the theory of pseudodifferential operators that 

(3.2) P (ixju) = iXjPu + (djP) u , 
so, Vu e (^p)) with < p < e, we have 

(3.3) P (iXju) — ixj(pe (x) Pu + {djP) u + Tiu , 
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Ti = iXj[P, ipe 



\\{d^P) U\\l = (P (iXjU) , (djP) u)-{iXj^, {x) Pu, {djP) u)-{T^u, (djP) u) 
It is easy to see that 



(P (ixju) , (djP) u)^ = (^{djP) (ixju) , Pu 
and consequently, we obtain 



WidjP) u\\l = ((9,P) (zxju) , Pvj-izx.ip, (x) Pu, id,P) u)-{T^u, (djP) u)^ 
From (jH.Hp . we have 



(3.4) (djP) (ixju) = ixjipe (x) {djP)u + {d'jP)u + T2U 
where 



T2=lX,[{d,P),^e] 

Consequently, we have the following inequality 

mp)u\\i < \ix,^,{x)'{d;F)u\yu\\^ + \\[d^^p)u\\jPu\i 

(3.5) +\\ix,^,{x) Pu\\^\\{d,P)u\\^ + \{T2U,Pu) J\ + \{T,u.Xd,P)u)^ 
The lemma 2 gives 



ixjips (x) {djP)u < maxlixjipi; {x)\ {djP)u 



+ c. ^ ie 



{djP)u 



< 2e\\{djP)u\\^ + Cs,.{e)\\u\l_^^_^ ,a <s-l , 



and 



\\iXjip,{x)Pu\\^ < m^x\iXjipe{x)\\\Pu\\^ + c'^^^{e)\\Pu\\^ 
< 2e\\Pu\l + d,^^{e)\\u\l^.^ ,a<s-l 
For every real t, we have 

\[T2U,Pu)\, = \{PT,u,u)^\<\\TM^ 



\s~t+m ll'^IU+t ' 



and 



|(riw,(a,p)«)J = \{{d,p)T,u,u)\^ < ||Ti^.||^_,^^_j|^.| 



s+t 
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The above inequalities are resumed in the following one 

II id,P) u\\l < As \\Pu\l II {d,P) u\l + \\ (a|P) \\Pu\l + (£) II {d,P) u\l \\u\l^.^ + 



+C,,„ (e) IIP^II^ \Ma+m-l + ll^l^lL-r+m-l \Ms+r + ll^2^^IL_t+„ I^H, 

< 6. llPnIi; + Ae II {d,P) u\\l + U\ {d]P) u\\l + \\u\\l^^_, + 



(3.6) 



Due to the lemma 5, the operators T\ et T2 are of infinite orders. Let 
£ > with 1 — 46 > and let u = s — 6', 6' > 1, then there exists a 
constant (e) > such that 

mp)ut < ^ 11^^11'+ (T^iij^ II (^1^) -11!+^.^ (^) ii^ii'-f..-. 

Let 5 > and take e = —— , then Ms G M,V6' > 1,V5 > 0, there 

2 (2o + 3) 

exist ci (5) > and ci^s,e (<5) > 0, 



(3.7) II (a,P) t.11^ < 5 llPt.li; + ci (5) II (a|P) «||^ + ci,.,, (5) II 
Vu G Co°° {^p) ,p<e<ei{6) 



u\ 



s+m—9 



2 {26 + 3) 



Let us show by induction that VA; > l,Vs G ]R,V^ > 1,V(5 > 0, there 
exist Cfc (5) > 0,Cfc,s,6i (5) > and Sk (5) > 0,7^/ G (l^p) ,p < e < 
efc {5) , we have 



(3.8) II (a^P) z^ll^ < 5 ||Piz||;+c. (5) II (af ^P) «||>c,,.,, (<5) llt.1 



2 

s+m— 6 



The case A; = 1 is true by dSZZD- Assume V/ < A; - l,Vs G ]R,V^ > 
l,\/5i > 0, there exist q (5;) > 0, q,s,6i {61) > 0, V-u G (fip) , p < £ < 
El {61) , we have 

(3.9) II (a;.P) «||^ < 5, \\Pu\\l+c, {61) II (4+^P) u\\l+c,s,e {61) \\u\\l^_, 

Apply the inequality (j3.7p to the operator (a^~^P), i.e. V > 0, there 
exist positive constants ci (5') , ci^s,e (5') and £1(5'), Vm G (Qp) , p < 
£ < £^1 (5') , we have 
(3.10) 

II 4l<^'\\ idt'p) 4l+^i i^') II (^r^) Hl!+^i,«,^ (^') 11^11'+^-, 



CHIKH BOUZAR 



In ()3.10p . we estimate \\{dj ^P)u\\^ by the inequality ()3.9|) with / = 
k — 1, then G (Qp) , p < e < min {si {6') , e^-i i^k-i)} , we obtain 

\\{d;P)u\\l < 5'5k-i\\Pu\\l + 5'ck^,{6k-i)\\{d^P)u\\l + 

Choose 5' < ^- — - , so Vw e {Qp) ,p <e < min {ei ((^') , Sk-i {Sk-i)} , 

we have 

' ^ ~ 1 - 5'Cfc_i (5fe_l) " 1 - (5'Cfc_i (4-i) " ^ ' ^ 



-\ ■ — ?/ 

1 - 5'c,_i (4-i) " 



Let 5 > 0, take 6' = -z and 

dk-i + dck-i (Ofc_i) 



1 - S'Ck-1 (Sk-i) 
and 

Ci^s (5') + <5'Cfc_i,s 

Ck,s [Ok) - J- 7 

1 - O'Ck-l [dk-l) 

Then, we obtain 



II (d^P) u\\l < 6k \\Pu\\l + Ck {5k) II (9f «||' + Ck,s,e (Sk) \\u\ 
\/u G (ytp),p< e<ek {5k) = min jei ( — - — - ) ,ek-i (4) 



\5k-i + 6ck-i{Sk-i) 
We have proved the inequahty ()3.9|1 for / = A;. So the estimate ()3.8j) is 
true. 

Let 4, Ck (Sk) , Ck,s,e (4) et Sk (4) ,k = 1,2,..., I , be the respective 
constants of the right member of the estimates ()3.8|) . Iterating these 
inequalities, then \/u G (flp) , p < e < min {ei , £i i^i)} , V / > 
1, we obtain the following one, 

\\{djP) u\\l < (4 + ci (4) 62 + .... + ci (4) C2 (4) ...Q-i (5z-i) 5z) ||Pn||; + 

+ci (4)C2 (52)....Q i5i)\\{d'+'P)u\\l + 

{ci,s,e (4) + C2,s,e (4) ci (4) + (Si) Ci ((5i) ...q_i 
(3.11) 

Let 5 > 0, choose 5i, 5/ from the following equations 

6 S 6 

4 = y , Ci (5i) 4 = y, Ci (Si) C2 (4) •••Q-i ((^z-i) = y ' 



A PSEUDODIFFERENTIAL HORMANDER'S INEQUALITY 7 

and define the constants q (6) and ci^s,e i^) respectively as the coeffi- 
cients of the terms || (^d^j^^P) u\\ and in the inequahty ()3.11|) . 
then V/ > l,Vs G M,V6' > 1,V5'> 0, there exist q (6) > 0,ci,s,e (5) > 
and El (S) > 0, V-u G (ilp) , p < e < ei (6) , we have 

(3.12) \mP)u\\l<6\\Pu\\l + cdS)\\{d^'P)u\\l + ci,,AS)h^^^^^ 

Choose / G N with / > ^ - 1 > 0, then there is Csei^) > 0,Vu G 
(Qp) ,p<e<mm {ei (Si) ,...,ei {6i)} , 

(3.13) \\id,P) u\\l<S \\Pu\\l + Cs,o (S) \\u\\l^^_, 

The inequahty (|3.13p is true for 6* = 1, because the operator (djP) is 
of order s + m — 1. Finally, we have proved that Vs G M, V0 > 1, V5 > 
0, 3p > 0, 3c> 0, Vm G (Q) , diamln) < p, 

(3.14) mP)u\\l<6\\Pu\\l + c\\u\\%^_, 

Let a = (ai,...,a„) and a' = (ai, ctj + 1, ctj+i..., a„) be 
given multi-indices. Assume as an hypothesis of induction : Vs G 
M,V^ > 1,V5 > 0,Va G Zl,3p > 0,3c> 0,Wu G (Q) , diam{n) < 
P, 

(3.15) \\{d-P)u\\l<S\\Pu\\l + c\\u\\l^,, , 

is true. Apply the inequality ()3.14|) to the operator {d°'P) , then we 
have 

2 



(dfp) u 



where Q' depends on 6'. From the hypothesis of induction for the 
operator (c}"P), we obtain that for every 6 > 0, there is p > such 
that 

2 



P]u 



< 6'6 \\Pu\\^ + 6'c \\u\\^^^_g + c' ||mL+„_ 
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u G {Q n Q') , diam (Q) < p. Let 7 > 0, choose 5' = -r , we obtain 



then the inequality ()3.15p for a'. This ends the proof of the theorem □ 

Remark 3. As the operator (9"P) is of order m — \a\ , the estimate 
\3. 1]) is trivial for 6 < |a| , the theorem is then restated in the following 
way : 

Let P (D) be a pseudodifjerential operator of the class S"^, s', s G R, 
and a G N", s' < s + m - \a\ , then V(5 > 0, 3p > 0, 3c > 0, Vw G 
(Q) , diam{Q) < p, 

Ud'^P)iD)ul<5\\PiD)ul + c\\ul, , 

In this form, the theorem reminds the so called Erhling's inequality. 
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